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Solutions descr ibing a rb i t r a r i ly  large values of the s t r e s se s  and s t ra ins  at the apex of a slit 
{solution with a singularity) are  considered in the ana lys is  of the s t r e s s - s t r a i n  state of a 
mountain mass  in the neighborhood of the slit by using an elast ic model. An e l a s t i c - p l a s t i c  
model can be considered in place of the elast ic  model which resul t s  in such solutions. When 
the e l a s t i c - p l a s t i c  model is chosen cor rec t ly ,  a more exact descript ion of the real  values of 
the s t r e s s e s  and s t ra ins  at the slit apex can be expected. The s t ra ins  must be evaluated in 
this problem for  which an exact solution in s t r e s s e s  is known for  the e l a s t i c - p l a s t i c  model 
[1]. The exact solution presented descr ibes  the s t r e s s - s t r a i n  state without s ingular i t ies  and 
yields an interpretat ion of the ultimate s t r e s s e s  (forces) as  adhesion forces  hindering the ex- 
pansion of the slit. This pe rmi t s  the proposal  of a strength c r i t e r ion  for a mater ia l  with shear  
s t ra ins .  The solution can be suitable for est imating the size of the focus and energy when 
studying mountain shocks or  shallow-focus earthquakes.  

1. Let an elast ic  medium be slit along the half-plane xz (x < 0) so that only the displacement compo-  
nent W (the project ion on the z axis) will be different f rom zero  on the edges of the slit, and will take on 
values of equal magnitude but opposite sign on the slit edges. The displacement equals zero  for  x > 0 on 
the y= 0  axis, the y axis is perpendicular  to the plane of the slit, and the origin passes  through the apex of 
the slit [1]. 

The s t ra ins  gxz, gyz are  re la ted to the displacement  

aw ow a%~ a~y (1.1) 
g~=z --" ~ , % z  J -  c3y ' Ox --'~ Oy 

and determine the pure shear  state; the principal  s t ra ins  are  

~i= r / 2 ,  e~= o, es=  - r / 2 ,  r =  ~ e,: '  (1.2) 

where F is the principal  shear  on a r ea s  pass ing through the second principal direct ion 

exz / eyz = -- tg~ (x, y) (1.3) 

and r is the angle made by the second principal  direct ion with the x axis; the second principal  direct ion 
is perpendicular  to the z axis. 

The principal  s t r e s s e s  a re  

~1 = T, ~2 = O, v3 = - -  T, T = ~ 2 _~ Vvz ~ (1.4) 

where T is the maximum tangential s t r e s s  at a point acting on the a rea  passing through the second pr inc i -  
pal direct ion of the s t r e s s  t ensor  

�9 xz /~y~ = - - t g t p ( x ,  y) (1.5) 

and ~ is the angle made by the second principal  direct ion with the x axis. 
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f f  = 

~ g  a 2 a 
/Z 

In the  e l a s t i c  s t r a i n  c a s e  i t  f o l l ows  f r o m  the e q u i l i b r i u m  equa t ion  

O'~xz / Ox + O'~yz / Oy = 0 (1.6) 

and  (1.1), a s  we l l  a s  f r o m  H o o k e ' s  l aw 

~x~ = ~ex~, ~u~ = tteu~ (1.7) 

(g i s  t he  s h e a r  modulus)  tha t  W, r x z ,  r y  z a r e  h a r m o n i c  func t ions  in the  
xy  p l ane  with the  s l i t  a long  the  nega t ive  y h a l f - a x i s .  

F ig .  1 
The  p r i n c i p a l  d i r e c t i o n s  of  the  s t r e s s  and s t r a i n  t e n s o r s  in an  i s o -  

t r o p i c  s o l i d  c o i n c i d e  fo r  e l a s t i c  s t r a i n .  

Le t  us  c o n s i d e r  the  so lu t i on  of  the  e l a s t i c  p r o b l e m  2. 

W (x, y) = A ] / r  sin 0 / 2, r = ]/-(x - -  a) 2 + y~, 0 = arc Lg y / (x--a) 

w h e r e  A,  a a r e  c o n s t a n t s .  

(2.1) 

The h a r m o n i c  func t ion  W (x, y) d e s c r i b e s  e l a s t i c  d i s p l a c e m e n t s  of  p o i n t s  of the  m e d i u m  a long  the  z 
a x i s ;  the  s l i t  a p e x  i s  t r a n s f e r r e d  to  the  point  ( a ,  0) in the  xy  p lane  (F ig .  D. The  so lu t i on  (2.1) c o r r e s p o n d s  

to  the  fo l lowing  b o u n d a r y  va lue  p r o b l e m s :  the  b o u n d a r y  v a l u e  of the  h a r m o n i c  func t ion  i s  g iven  f o r  y = 0, the 
p a r a b o l i c  shape  of the  s l i t  i s  g iven  fo r  x < a 

W ( x ,  0) = A]fT, y = + 0  (2.2) 
W(x ,  0 ) = - - A V r ,  y = 0  

and  the  d i s p l a c e m e n t  W (x, 0) =0 fo r  x > a .  

The  s t r e s s e s  and  s t r a i n s  c o r r e s p o n d i n g  to  (2.1) 

A~t " . 0 A~t 0 (2.3) 
~:~ = ~te= = - -  2 V r  s m - Y  ' v~ = ~%~ = -~-~-~ COS T 

exh ib i t  an i n t e g r a b l e  s i n g u l a r i t y  a t  the  po in t  (a ,  0) and  on the  fo l lowing  b o u n d a r y  v a l u e s  on the y = 0 a x i s ,  
~xz =0 f o r  x > a and ~xz r 0 and  a s s u m e s  v a l u e s  on the s l i t  e d g e s  which  a r e  equa l  in magn i tude  but  o p p o -  
s i t e  in s ign;  T y z = 0  on the  s l i t  e d g e s  but  r y z  r 0 f o r x >  a .  

L e t  us  note tha t  a c c o r d i n g  to  [1, 2] the  magn i tude  of the  m a x i m u m  t a n g e n t i a l  s t r e s s  T i s  c o n s t a n t  on 
c i r c l e s  r = c o a s t .  In p a r t i c u l a r ,  f o r  r = a 

r = A~t / 2 V~a (2.4) 

L e t  us  e v a l u a t e  the  d i s c o n t i n u i t y  in the  d i s p l a c e m e n t  fo r  x = 0 ,y  =0 and  the q u a n t i t y  (2.3) t h e r e  

W + -  W_ ---- 2A ]/'2- (2.5) 

The  p l u s  and m i n u s  s i g n s  r e f e r  to  the  u p p e r  and  l o w e r  e d g e s  of  t he  s l i t ,  whi le  the  quan t i t y  (2.5) d e t e r -  
m i n e s  the  d i s c o n t i n u i t y  in the  d i s p l a c e m e n t  on the  s l i t  f o r  r =a 

OW { A / 2 V a, y = + O, x ~ O (2,6) 
e x z = ~ =  12]/a,  y = - - O ,  x ~ O  

The p r o p e r t y  of  the  e l a s t i c  so lu t i on  r e m a r k e d  in (2.4) p e r m i t s  e x a m i n a t i o n  of the  e l a s t i c - p l a s t i c  
p r o b l e m .  If the  q u a n t i t y  T = T  e = c o a s t  i s  t a k e n  a s  the  e l a s t i c  l i m i t  

Te ---- ~r~ (2.7) 

w h e r e  F e i s  the  u l t i m a t e  e l a s t i c  va lue  of the  p r i n c i p a l  s h e a r ,  and  the  r a d i u s  of the  p l a s t i c  zone  i s  t a k e n  
equa l  to  a ,  then  the e l a s t i c  d i s t r i b u t i o n  of the  s t r e s s e s  and  s t r a i n s  wi th in  a c i r c l e  of  r a d i u s  a can  be  r e -  
p l a c e d  by  an e l a s t i c - p l a s t i c  f i e l d  of s t r e s s e s  and  s t r a i n s .  

Le t  us  f ind A f r o m  (2.4) and  (2.7) 

A ----- 2F e Va = 2Tei~ -I ~/-a (2.8) 

and let us introduce in conformity with (1.5) 

~xz = --  Te sin % ~yz = Te cos (p (2.9) 
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Fig. 2 

The quanti t ies (2.9) sat isfy the plast ici ty conditions e v e r y -  
where within the domain r ~ a .  The equation for  q (x, y) follows 
f rom the equilibrium equation (1.6): 

cos (p 0(p / dx + sin (p0(p / Oy = 0 (2.10) 

which has the charac te r i s t i c  

dy / dx  = tg T (2.11) 

F rom the continuity of the s t r e s s e s  on the elast ic  plast ic 
boundary there  follows 

tg (p [~=a = tg O0 / 2, 00 -~ arc tg / (x -- a) l ~  (2.12) 

o r  

(2.13) 

It follows f rom (2.11) and (2.13) that the s t r e s s  is descr ibed by a centered field, by a fan of rec t i l inear  
cha rac te r i s t i c s  passing through the origin and having the slope 00/2. Hence the s t r e s s e s  (2.9) 

"~= -~ - -  T~y (x ~ + g~)-';,, "v.~ = T~x (x 2 Jr- g~)-'/~ (2.14) 

sat isfy the equil ibrium equation, the plast ici ty condition, and the boundary conditions on the c i rc le  r = a .  

The component is ~'xz =0 on the y=0  axis in the plast ic domain (Fig. 2) while ~yz =Te down to the 
singulari ty (x=0, y=0) .  

At this point, as  ~0 va r ies  in the range f r o m -  ~/2 to r / 2  (two subranges (-7r/2, 0) and (v/2, 0) a re  two 
continuously interlocking fans of charac te r i s t ics ) ,  the s t r e ss  ~'xz va r i es  between T e and - T e ,  while the 
s t r e s s  r y  z vanishes  at the ends of the interval ( - v /2 ,  ~/2). The s t r e s ses  receive the increments  

At= = -- T~hq~ cos q~ 
h ~  ---- -- T~A sin ~ ' h~x~ / A~y~ ---- ctg T (2.15) 

upon pass ing f rom one charac te r i s t i c  to another so that the second principal  direct ions of the s t r e s s  t e a se r s  
and the s t r e s s  increments  are  orthogonaL 

The principal  direct ion of the s t r e ss  t ensor  which held upon the onset of the plast ic state is conserved 
at points of the plast ic zone; the loading is "s imple" [3]. Under these conditions, isotropic models of the 
s t ra in  (and the flow theory) type in the problem under considerat ion resul t  in the co ro l l a ry  that not only the 
displacements  in the e l a s t i c - p l a s t i c  domain are  continuous but so are  the s t ra in  t ensor  components.  Con- 
sequently, we obtain a solution with elevated smoothness  in the neighborhood of the e l a s t i c - p l a s t i c  boundary 
which does not follow f rom the formulat ion of the problem. 

3. Let us take the following model of an e l a s t i c - p l a s t i c  solid to determine the s t ra in  in the plastic 
zone: 

1) As the plast ic  shear  s t rains  develop F e _< F -< Fc~ let us consider  the s t r e s s  and s t ra in  t ensor s  
coaxial (since the s t r e s s  of the slipplane is conserved  in an element). 

2) Rupture can occur  in some domain upon reaching F - F  e so that the eoaxiality condition can be 
re jec ted  to be replaced by the condition in the rupture domain [4]. In conformity  with the model, let us con-  
s ider  the domain r ~ a in which F - F e can be real ized.  F r o m  the eoaxiali ty condition 

8xz / 8yz ~ Txz / Tyz" 

and (1.2) and (2.14), there  follows an equation [5] for:  

xOF / Ox Jr- yOF / Oy q- F = 0  

It can be establ ished that this equation is valid for  the s train components 
domain. 

we find 

(3.1) 

(3.2) 

exz, eyz  in the plast ic 
Integrating (3.2) and subjecting the general  solution to the condition F=F  e at r =a  (or on a line) 

(x ~ - -  2ax ~- y2 ~ 0) (3.3) 

F = 2 F e 2 / ( 2 2 + ~ ) ,  x = x / a, ~] = g / a (3.4) 
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The s t r a i n  componen t s  cxz ,  e yz  in the p las t i c  domain  a r e  

Fy 2Fe~y 2FZ2 
exz = ] / ~  (~2 § y~)', ' 8~z (~ § g~)V, (3.5) 

Di rec t  subs t i tu t ion  can  v e r i f y  tha t  the s t r a i n  componen t s  sa t i s fy  the compat ib i l i ty  condi t ion and the 
boundary  condi t ions  on the e l a s t i c - p l a s t i c  boundary .  

Eva lua t ing  the d i s p l a c e m e n t s  in the p las t i c  zone,  we find 

d W  = ex~dx =/= e~zdy = e~dx  (l + (e~z / e~:)(dy / dx)) 

o r  W = c o n s t  =Wl  r = a a long the c h a r a c t e r i s t i c  (2.11), a long which 

I -}- (%~ / e:~)(dy / dx) = 0 

It fol lows f r o m  the e x p r e s s i o n  fo r  F in the p las t ic  domain  that  the quant i ty  is F =cons t  on the c i r c l e s :  

(~ - -  FB / F) ~ -~ ~2 - -  (r~ / F) ~ ( 3 . 6 )  

Along  t h e s e  c i r c l e  

r = 2 r ~ / ~ ,  0 < �9 < 2 

It hence fol lows tha t  on going f r o m  F =F  e to  F > Fe  the point  of  m a x i m u m  va lues  of  F is on the b i -  
s e c t r i x  y = x .  If the change in F along the l ine y = c o n s t  in the p las t ic  zone is inves t iga ted ,  then it can  be 
e s t ab l i shed  that  F v a r i e s  be tween F = F e  and the m a x i m u m  ach ievab le  value  of  F on th i s  line fo r  y =x  and 
then d e c r e a s e s  to F=  F e. 

This  m e a n s  tha t  if the p r o b l e m  of a moving sli t  is examined ,  then  it is  n e c e s s a r y  to go o v e r  to equa -  
t ions  fo r  the unloading domain  on the  line y =x  [6]. 

If the domain  in which F = F c is not in t roduced,  then the solut ion (3.4) d e s c r i b e s  the s ingu la r i t y  at the 
point  x = 0 ,  y =0 nea r  which the p r inc ipa l  s h e a r  is (at y = 0, say) 

r / r ~ = 2 / x  

Hence,  let  us  in t roduce  the domain  F = F  c and let us c o n s i d e r  e l e m e n t s  of  the med ium t h e r e i n  can  be 
rup tured .  It fo l lows f r o m  (3.4) and (3.6) that  the condi t ion F =F  c is sa t i s f ied  on the c i r c l e  

( ~ - - a )  2 + ~  = a  ~, a = r ~ / r ~  ~ l  ( 3 . 7 )  

The s t r e s s  d i s t r ibu t ion  e v e r y w h e r e  in the domain  r _< a ,  including within the c i r c l e  (3.7) as  well ,  r e -  
mains  a s  be fo re  be c a use  of  the equ i l ib r ium equat ion  and the p l a s t i c i ty  condi t ion [see (2.14)]. To find the 
s t r a in  d is t r ibut ion ,  the mrupture" condi t ion F = F  c o r  

V slz -~ e~ = F~ (3.8) 

will be used together with the compatibility condition (1.1). 

The condition (3.8) closes the system of equations in the rupture domain in place of the coaxiality 
condition (3.1) in the plastic domain. 

Let us introduce (y > 0) 

e ~  : O W / O x  ~ Fecos$1, e~z : ~W ay (3.9) 

and we obtain  f r o m  the condi t ion (1.1) 

cos ~p, 0~p, / 0x ~- sin ~)1 0~)1 / 0y = 0 (3.10) 

which a g r e e s  with (2.10) and has  the c h a r a c t e r i s t i c  

Oy / Ox = tg~pl (3.11) 

H e r e  r =r  + 7r/2, i .e . ,  c h a r a c t e r i s t i c s  (3.11) and (2.11) a r e  o r thogona l  at points  of the con tour  F=  Fc ,  
where  ~ = ~b f r o m  the s ide of  the  e l a s t i c - p l a s t i c  domain.  The condit ion of  cont inui ty  of  the d i s p l a c e m e n t s  
would be sa t i s f ied  on the con tour  r = r c .  The d i s p l a c e m e n t s  a r e  ca l cu la t ed  f r o m  the e l a s t i c - p l a s t i c  domain  
d i r ec t ion  on th is  contour .  It fol lows f r o m  (3.9) tha t  W = c o n s t  a long the c h a r a c t e r i s t i c  (3.11), i .e . ,  it is  a 
l ine of d iscont inui ty  for  r =c oa s t ,  and r = r / 2  (r  =0).  These  fac ts  p e r m i t  the c o n s t r u c t i o n  of a solut ion 
fo r  the s t r a i n  component  in the f o r m  of  two c e n t e r e d  f ields with c o m m o n  apex  (s ingular i ty)  at  the point  
(2(~, 0) (Fig. 2). 
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F o r  y > 0 (~ - ~b 1 > v /2)  we have 

1~ (~ - 2a) 

8az----- ]/(2__2a)2~ _y~ 

and  fo r  y > 0 (0 _< ~l < ~r/2) 

r j  (3.12) 
, 8 ~  = ~ f ( x  _ 2~)~ § ,j~ 

r c (.~ --  2~) Fog 
s = 1/(~ _ 2u)~ n- Y~ ' eYz ---- V (~ -- 2~) 2 § ~ (3.13) 

and  the d i s p l a c e m e n t s  on both s i d e s  of  the l ine  y =0 on the s e g m e n t  0 <_ x <_ 2(~ a r e  

W = ~ r0a I / (~  - 2~) ~ ~ (3.14) 

The  p l u s  and  m i n u s  s i g n s  r e f e r  to  p o i n t s  of the  d o m a i n  wi th  o r d i n a t e s  y ~ 0, r e s p e c t i v e l y .  

The  fo l lowing  g r a p h i c a l  m e t h o d  of  c a l c u l a t i n g  the  s t r e s s e s  and  s t r a i n s  in the  d o m a i n  F c = c o n s t  can  be  
m e n t i o n e d .  The  v a l u e  of  the  s t r e s s  can  be t a k e n  f r o m  the  c o n t o u r  r = a to  the  po in t  (x, y) a long  the  c h a r a c -  
t e r i s t i c  (2 .1D,  and  the  v a l u e  of  the  d i s p l a c e m e n t  and  s t r a i n  f r o m  the  c o n t o u r  (3.7) a long  the  c h a r a c t e r i s t i c  
(3.11). 

I n d i c a t e d  in F ig .  2 i s  the  shape  which  the  s l i t  h a s  in the  p r e s e n c e  of an e l a s t i c - p l a s t i c  h inge and with  
a d e s c r i p t i o n  of the  p o s s i b l e  r u p t u r e  upon r e a c h i n g  F = F e .  Thus ,  in the  p l a s t i c  d o m a i n  F c ~  r ~ F c the  
d i s p l a c e m e n t  i s  W = 0  down to  the  po in t  (2~,  0, c~ < 1). The  s t r e s s  i n t e n s i t y  i s  T e on the d i s c o n t i n u o u s  l ine .  
Opening  of t he  s l i t  to an ang le  equa l  to  F c  a t  the  v e r t e x  o c c u r s  on the  s e c t i o n  0 < ~ < 2~ so tha t  the  q u a n -  

t i t y  W e = W + - W _  e q u a l s  4 a F e  = a t t h e  o r i g i n .  The  va lue  of th i s  q u a n t i t y  c a n  be  u s e d  a s  a r u p t u r e  c r i t e r i o n  
[2, 7]. The  c o n s t a n c y  of  T = T  e on t h i s  s e c t i o n  can  be  i n t e r p r e t e d  a s  the  c o n s t a n c y  of the  a d h e s i o n  f o r c e  
i n t e n s i t y  which r e t a i n s  the  e d g e s  t o g e t h e r  wi th  the  open ing  of the  s l i t  a t  W = W  c. 

The  e l a s t l c - p l a s t i c  so lu t i on  c o n s t r u c t e d  i s  of i n t e r e s t  in tha t  it  p e r m i t s  a n a l y s i s  of the  f low law when 
the  c o a x i a l i t y  cond i t i on  i s  s p o i l e d :  a g r e e m e n t  b e t w e e n  the  p r i n c i p a l  d i r e c t i o n s  of  the  s t r e s s  and  s t r a i n  t e n -  
s o t s  h o l d s  up to  the  c r i t i c a l  v a l u e s  F = F  c in t h i s  p r o b l e m ,  whi le  the  m a x i m u m  t a n g e n t i a l  s t r e s s  and  the  
p r i n c i p a l  s h e a r  have the  g r e a t e s t  v a l u e s  on d i f f e r e n t  a r e a s  a t  F =  F c .  T h i s  m e a n s  tha t  the  f low law shou ld  
be  r e p r e s e n t e d  a s  a l ine  in the  s p a c e  T,  F ,  0, w h e r e  0 i s  the  ang le  of  t he  d i f f e r e n c e  b e t w e e n  the  p r i n c i p a l  
d i r e c t i o n s  [3]. 

By s tudy ing  the  s t r e s s - s t r a i n  s t a t e  of  e l e m e n t s  on the  l ine  I Y ] = c o a s t  it  i s  p o s s i b l e  to i nd i ca t e  t h e i r  
s e q u e n t i a l  s t a t e  a l o n g  the  l i ne  ] y] < a and  b a c k  fo r  the  p a s s a g e  f r o m  e l e m e n t s  a h e a d  of  the  s l i t  a p e x  x > 0 
to e l e m e n t s  n e a r  the  s l i t  e d g e s .  

The  s i m p l e s t  v e r s i o n  r e =  F c ,  an idea l  n b r i t t l e ~  m a t e r i a l ,  c a n b e  e x a m i n e d  in the  m o d e l  of  a n e l a s t i c -  
p l a s t i c  s o l i d  wi th  the  s t r e n g t h  c r i t e r i o n  F = F  c . In t h i s  c a s e ,  the  cond i t i on  F = F  c i s  r e a c h e d  on the  c i r c l e  
r = a and  a l l  the  r e s u l t s  fo r  the  mrupture"  d o m a i n  a r e  e x t e n d e d  to  the c i r c l e  r =a. T h i s  s o l u t i o n  is s u i t a b l e  
f o r  a s l o w l y  mov ing  s l i t  w h e r e  in each  e l e m e n t  n e a r  the  s l i t  (y _< a) b y p a s s e d  by  the s l i t  a p e x  the  fo l lowing  
c y c l e  ho lds :  l o a d i n g  by  the  e l a s t i c  law to F e =l~c and un load ing  by  the  e l a s t i c  law.  T h i s  s o l u t i o n  i s  m e a n i n g -  
ful  for  an  e s t i m a t e  of  the  s i ze  of  the  focus  and  e n e r g y  in moun ta in  s o c k s  and  e a r t h q u a k e s .  

To i n v e s t i g a t e  the  s t a b i l i t y  of the  m a t e r i a l  in the  d o m a i n  F = F c ,  l e t  us  e v a l u a t e  the  w o r k  of the s t r e s s  
i n c r e m e n t s  on the s t r a i n  i n c r e m e n t s  [6] 

A~xz hexz -t- A~yz Aeuz = T~ro cos (~ - -  ~p)hcpA~p 

We wi l l  have  q = ~b ( s t ab l e  e q u i l i b r i u m )  on the b o u n d a r y  wi th  the  d o m a i n  F =  F c and r =0 (uns t ab le  
e q u i l i b r i u m )  at  the  ends  of the  s e g m e n t  0 < R < 2 a ,  w h e r e  ~v = 0, $ =~/2 o r  r = r / 2 .  On t h i s  b a s i s ,  the  d e -  
duc t ion  can  be  made  tha t  c o m p l i a n c e  with the  c r i t e r i o n  F = F c  in the  u n s t a b l e  e q u i l i b r i u m  s t a t e  is  n e c e s -  
s a r y  fo r  the  o r i g i n a t i o n  of  r u p t u r e .  
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